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Lecture

|. Multi-objective optimization: the basics
® Motivation: lead optimization in drug discovery
® Pareto front
e (Quality indicator

Il. Bayesian optimization
® Surrogate modeling
e Utility function — acquisition function

lll. Multi-objective reasoning
e Common multi-objective acquisition strategies
e Batched/noisy variants




Practicum

|. Multi-objective optimization: the basics
® Motivation: lead optimization in drug discovery
® Pareto front
e (Quality indicator

Notebook O: evaluating HV

Il. Bayesian optimization
e Surrogate modeling Notebook 1: full MOBO loop

e Utility function — acquisition function

lll. Multi-objective reasoning
e Common multi-objective acquisition strategies Notebooks 2, 3: team competition

on simulated antibody optimization

e Batched/noisy variants




Practicum goals

® | carn the BoTorch syntax for concepts covered in the lecture

® Be able to verify the implementation of specitic configurations for your own application
e (Gain Intuition for the pros/cons of each acquisition strategy by visualizing the

acquired designs and metrics

Use of Al coding agents is strongly encouraged for visualization of data and results.
Ask questions throughout the lecture, as each concept builds on the next and all the

concepts will reappear in the lab!



Motivation: multiple real-world objectives

® |n practical design problems, we often 2
want to maximize/minimize multiple = I“ “
, . il |||.|II
properties jointly. :
e Antibody design: binding strength, 2. ‘
I_"g5o L\w’/
vield, thermostability, specificity = ||||||| ‘llllnl
® [rade-offs are common
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Tdain et al., "Biophysical properties of the clinical-stage antibody
landscape.” Proc Natl Acad Sci. (2017).



® |n practical design problems, we often
ize/minimize multiple

want to maxim

properties joint
e Antibody design: binding strength,

ly.

vield, thermostability, specificity
® [rade-offs are common
® Molecular properties tend to have
complex correlation structures.
® |[ong talls and tail correlations

Jain et al., “Biophysical properties of the clinical-stage antibody landscape.”

Proc Natl Acad Sci. (2017).
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Multi-objective optimization

over X

Maximize a vector-valued objective function f : X — |

M

Design space & Objective space |

(e.g., molecules) (e.g., M molecular properties)



Pareto optimality

—or M > 1 objectives, a single optimal design may not exist.

PKD (binding)




Pareto optimality

—or M > 1 objectives, a single optimal design may not exist.

A design x’ dominates x if x"is at least as good in every objective and better in at least one:

Jix) 2 fi{x) Vi,  f(x') > f{(x) for some j
A design Is Pareto-optimal If it's not dominated by any other design.

e hon-dominated (Pareto-optimal)




Pareto front

e The set of Pareto-optimal designs is called the Pareto set & *.
e The Pareto front % = A X*) c R is its image in the objective space.

Goal of MOQO: find designs 52" whose objective values ?’ approximate the true
Pareto front &°*

10



Quality indicators

Quality indicator I : 2% — |
evaluates the quality of the approximate Pareto front S

Can be used to compare MOQO algorithms

11



Example of QI: hypervolume (HV) indicator

Hypervolume of the polytope® dominated by P and bounded from below by a reference point

Hypervolume

t ~ O Candidates
> B Reference point
N @
q) .
= Dominated
D region
O
O
True Pareto front y ()
X (unknown) fi Yo
Objective 1 ! 9

5SEmmerich, Deutz, and Klinkenberg, “Hypervolume-based expected improvement.” IEEE CEC (2011).



Lecture

l. Multi-objective optimization: the basics
e Motivation: lead optimization in drug discovery
® Pareto front
e Quality indicator

Il. Bayesian optimization
® Surrogate modeling
e Utility function — acquisition function

lll. Multi-objective reasoning
e Common multi-objective acquisition strategies
e Batched/noisy variants
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First, a crash course on Bayesian statistics

Given a labeled dataset D = {(x1, yV) }fil, we want to predict y for a new input x.
yW = f(x') + noise

e Conditional probability: after receiving D and a test input x, we treat them as fixed and

ask what is still uncertain abouty — p(y | x, D)

14



First, a crash course on Bayesian statistics

Given a labeled dataset D = {(xV, y(9) }i.il, we want to predict y for a new input x.
yW = f(x') + noise

e Conditional probability: after receiving D and a test input x, we treat them as fixed and

ask what is still uncertain abouty — p(v | x, D)

e Predictive distribution p(y | x, D)

Sometimes | write this as the predictive function being random.

Y

| can sample a function f(s) ~ p(f| D) so each f(s)(x) is one plausible prediction.

15



First, a crash course on Bayesian statistics

Given a labeled dataset D = {(xV, y(9) }i.il, we want to predict y for a new input x.
y = f(xY) + noise

e Conditional probability: after receiving D and a test input x, we treat them as fixed and

ask what is still uncertain abouty — p(v | x, D)

e Predictive distribution p(y | x, D)

Sometimes | write this as the predictive function being random.

| can sample a function f(s) ~ p(f| D) so each f(s)(x) is one plausible prediction.

e Expectation means averaging over possible predictive functions. You can draw S

samples f(l), ...,f(S) and estimate the expectation as:

5 [son] ~ < > (79)
s=1

16



Multi-objective Bayesian optimization

Maximize a vector-valued objective function f : X — |

over X

Design space &

M

Objective space |

When fis an expensive black-box function (e.g., wet lab),
Bayesian optimization offers a sample-efticient method.

17



(Single-objective) Bayesian optimization

Specity a probabilistic surrogate modelfapproximatingﬁ often a Gaussian Process
Spread of p(f| D) captures the model uncertainty

0.5 - =
~~~~~~~~~~~~~~~~ \
00 ===
® Observed
\/ Predicted mean
—0.5- = Predicted 1-0 uncertainty

vl == -

Binding strength

Objective

18



Acquisition function = decision-making engine

Acquisition function ¢/ : & — R scores each design with predicted usefulness, to

determine which design to evaluate next.

e exploration (of highly uncertain designs)
e exploitation (of designs believed to be optimal)

051 /——--5\
Binding strength £ | T T

0.0- _ -== "True
® Observed
\/ Predicted mean
—0.5- = Predicted 1-0 uncertainty

Objective

Inf)ut
Expected improvement g 007
f _ E.TFf = 0.050
@/ (X) = £ [f(X) _fbest]+ =
‘g 0.025
S 0.000 |
< -3 —2 -1 0 1 5 3




BayesOpt algorithm

} OVOL.. TVSS
74 TR

Propose design
candidates in X

= raw antibody seqguence or

dlmensmna\ representat

model (e.q.,

—SM, AntiB

OW-

on fror

—RTy)

N a pretrained

20



BayesOpt algorithm

Propose design
candidates in X

Predict properties with
surrogate model f

QVOL..TVSS

!
J

showing M = 2

21



Multi-objective BayesOpt algorithm

QVOL..TVSS

Propose design
candidates in X

!
J

Predict properties with
surrogate model f

Rank candidates with
acquisition function

22



BayesOpt algorithm

Propose design
candidates in X

Predict properties with
surrogate model f

Rank candidates with
acquisition function

QVOL..TVSS

X

Choose the candidate

*

to evaluate

= arg max ol (x)
XEX

23



BayesOpt algorithm

} OVOL.. TVSS G
Y a EEEE N

Propose design

candidates in X Append measurement

to dataset
D = {x, fx")},
and refit surrogate

Predict properties with
surrogate model f

Choose the candidate

to evaluate
. . * _ f
Rank candidates with x™ = arg max o (x)
acquisition function XEX

24



Gradient-based optimization can be more efficient.

o |f af(x) s differentiable onto the continuous input x, we can directly run gradient-based

optimization to obtain x* = arg max af(x) instead of sampling candidates and ranking.
XeEX

e More efficient for high-dimensional 2

o \We'll show how to implement this in BoTorch.

Vo (x)

acquisition score
Run optimization to

obtain maximizer of
acquisition function

25




Related concepts

e Quality indicator

How good is my Pareto front? Example: HV

e Ultility function
How much did a design improve my Pareto front, once measured?

® Acquisition function
How much is a design expected to improve my Pareto front, given my surrogate belief?

20



Quali
lity indicato
r

QI

Obj 2

Obj 1

27



Quality indicator — utility function

How useful was a design’? new

Obj 2

— QI

Obj 1

Obj 2

Obj 1

28



Quality indicator — utility function — acquisition function

How useful was a design’? new

utility(v.. ) = QI _ QI

Obj 2
Obj 2

Obj 1 Obj 1

How usetul Is a design
expected to be?

ar..,0) = E QI

Obj 2
Obj 2

— QI

posterior _
oredictive Obj 1 Obj 1

sample




Related concepts

e Quality indicator

How good is my Pareto front?

e Ultility function
How much did a design improve my Pareto front, once measured?

e Acquisition function
How much is a design expected to improve my Pareto front, given my surrogate belief?

Closely related!
Proposing an acquisition function ~ proposing utility

30



Lecture

|. Multi-objective optimization: the basics
® Motivation: lead optimization in drug discovery
® Pareto front
e (Quality indicator

ll. Bayesian optimization
® Surrogate modeling
e Utility function — acquisition function

lll. Multi-objective reasoning
e Common multi-objective acquisition strategies
e Batched/noisy variants
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Expected hypervolume improvement (EHVI)

O £ Quality indicator = HV
% o Utilty function = HVI = HV (f(Xbase) U f(x)}) —HV (X))
O
_ Acquisition function = EHVI = [E 7 [HVI]

O N —O e b
appvi( )= n m; " ) —?—IO )

pOster > > >
oredictive
sample




Log Expected hypervolume improvement (EHVI)

O o Quality indicator = HV
O g:- . Utity function = HVI = HV ( Xy U (/@) ) = HV (AXpes0)
_ 4 Acquisition function = LogEHVI = log [E 7 [HVI]
LW more numerically stable
R . R . R .

O N —O 4 b
Appvi(Ceana) = m; > ) ﬂo )

2~ f ] [] []
pOster > > g
predictive Ament et al. Unexpected improvements to expected improvement for Bayesian
SAltpie optimization. NeurlPS (2023).



EHVI: disadvantages

e HV ~ O(n L%J) — impractical for M > 4 despite box decomposition4
® Sensitive to rescaling of objectives, with different natural units

Hypervolume

A O (O Candidates
@ B Reference point I
N ) 4‘
| .
= Dominated
o region
@)
@) True Pareto front |
rue Pareto fron > Ay
> (unknown) Ey l" y2
Objective 1 1 h?'

5SEmmerich, Deutz, and Klinkenberg, “Hypervolume-based expected improvement.” IEEE CEC (2011).

6Yang, Kaifeng et al. "A multi-point mechanism of expected hypervolume improvement for parallel multi-objective Bayesian global
optimization”. GECCO (2019).



Scalarization strategies: linear sum

1. Simplify original problem Linear weighted sum
1.0 peoeeeann, k. optimam atoe 04,00
max - f(x) ([, fu®@) T K optimum o =04 09
xXe ™~
*._0.4f, + 0
- 0.8 o U. .
into max  g(x) = wfi(x) + ... +wy, i N /i
XEX - >
with chosen weights wy, ..., Wy, summing to 1. R
©
- o
2 0.4- LY
2. Use a single-objective acquisition function, like El. \
@ (x) = E; [§(X) = Zpestl+ 02
0.0 - . ' ; ?
0.0 0.2 0.4 0.6 0.8 1.0

3. Resample different weights. fi (maximize)



Zooming out: taxonomy of multi-objective optimization

® a priori : deliver specific solutions (e.g., Linear weighted sum

e recovered as weights vary
* optimum at w= (0.4, 0.6)

targeting a region of L) already capturing
decision maker’s preferences

0.8
rarer scenario -
- | | 2 0.6
® a posteriori : approximate the entire & E
. = \
and decision maker chooses afterwards =04 \
\
focus today %
0.2 - \
® |nteractive : alternate proposing solutions ‘
+ eliciting preterence information from 0.0 . , . . :
0.0 0.2 0.4 0.0 0.8 1.0

deCiSiOﬂ maker f1 (maximize)



Scalarization strategies: linear sum

1. Simplify original problem

PF 1.0 1o
max f(x) — (]Cl(x)a . o 9fM(x)> ’GOT\\’GX
xed Oﬁ Y\Oﬂ
. O‘\“‘\_S 0.8-
XEX ﬂs\)ppo 8
e vel U - g 0.6
Witk (eCOY.Veights wy, ..., Wy, summing to 1. g
Can g
0 0.4-
2. Use a single-objective ¢~ ?
. - |
le(X) — | E 1 . 0.2
0.0

3. Resample different wei¢

PKD (binding)

Linear weighted sum

e recovered as weights vary
. * optimum at w= (0.4, 0.6)
)‘)
*)J ~ == convex hull (supported set)
/)

weighted sum jumps
ross the dent

0.0

0.2

0.4 0.6 0.8 1.0
f1 (maximize)
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Scalarization strategies: Chebyshev

max min w,(f; — ppadiny

X€X i opposite intuition from linear sum
with weights wy, ..., w,, summing to 1, where w; is smaller for preferred objectives

Linear weighted sum Chebyshev
1.0 torerssense, e recovered as weights vary 1.0 + ._ recovered as weights vary
o, * optimum at w= (0.4, 0.6) ©0e,. * optimum at w= (0.4, 0.6)
)m - == convex hull (supported set) i
0.8 \\ weighted sum jumps 0.8 -
\\\ agross the dent
o) \ D
N \ N
g 0.6- 2 0.6
© . © "0=0-g-0.
é \ é *' ~o.
™ 04 ] .JJ&{J,JJ . 0,4 7 ' '
= : = Objectives
must be
0.2- P 0.2 - '
1 normalized
0.0 ' - - . + 0.0 - - ' - 5
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

fi (maximize) f; (maximize)



Scalarization strategies: augmented Chebyshev

max mjn wi( f; — rinadir) +p Z w(f; — l’l-nadir) |
XEX l :

with weights wy, ..., w,, summing to 1, where w; is smaller for preferred objectives

1.0 1.0
0.8 0.8
) o
N i
= 0.6 1 = 0.6 1
© ©
E E
[ 04- a1 04“
2 2
unique, strongly
Pareto-optimal
0.2 0.2 1
0.0 ' ' ' ' - 0.0 - - ' ' '
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

fi (maximize) f; (maximize)



ParEGO = (augmented) Chebyshev + resampling weights

max |min w(f — r™) + p
i

b= A

every MO

B0 iteration.

2 wi(f; — rdn) [ with weights wy, ..., w,, resamplec

Chebyshev

1.0+ recovered as weights vary
* optimum at w= (0.4, 0.6)
0.8 -
o)
N
2 0.6
£
: -
2 0.4-
0.2 1
0.0 - - . . :
0.0 0.2 0.4 0.6 0.8 1.0

f1 (maximize)

fo (maximize)

Augmented Chebyshev

e recovered as weights vary

1.0 -
*93),,, * optimum at w= (0.4, 0.6)
O . 8 7 |I‘llr
0.6-
--‘*'_TT_;—_—_a
0.4-
0.2 \
0.0 - - ' |
0.0 0.2 0.4 0.6 0.8 1.0

f1 (maximize)

Knowles. ParEGO: A hybrid algorithm with on-line landscape approximation for expensive multiobjective optimization
oroblems. IEEE transactions on evolutionary computation (2000).




Scalarization: disadvantages

® One weight vector is only a temporary utility; you use your entire batch on it

e Need to sample many weight vectors, and coverage difficult for complex + high-dim PF
® Sitill sensitive to rescaling of objectives

Chebyshev Augmented Chebyshev
1.0 + recovered as weights vary 1.0 - recovered as weights vary
* optimum at w= (0.4, 0.6) * optimum at w= (0.4, 0.6)
ﬂ|
|||
0.8 - 0.8 - '|'|
||:||
~ ~~ |||||
N N |
2 0.6 2 0.6 |
2 | g0 N
a ~% T e ——
2 0.4 2 0.4
0.2 1 0.2 1 \
0 . 0 ! ! T T } O . O I T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6
f1 (maximize)

0.8 1.0
f1 (maximize)



[Advanced, see optional notebook]
Information-theoretic acquisition functions

Predictive entropy search (PES): learn which designs are Pareto-optimal
apgs(X) = 1(y,; > D) = Hlp(y,|2)] — Eq[HIp(y, | D, VA1

Max-value entropy search (MES): learn what the PF trade-off looks like in objective space
nes®) = 1 Y71 D) = Hp(, | D) — Eopu HIp(y, | D, ¥ ™)]]

Joint entropy search (JES): learn both

aJES(x) — I(yx§ SX*» ?* | D) = H[P(yx | )] — "g[*,y*[H[P(yx | D, SZ*, ?*)]]

PES: Hernandez-Lobato et al, "Predictive entropy search for multi-objective Bayesian optimization.” ICML (2016).
VES: Belakaria et al, “Max-value entropy search for multi-objective Bayesian optimization.” NeurlPs (2019).
JES: Tu et al, “doint entropy search for multi-objective Bayesian optimization.” NeurlPS (2022).
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Recap: multi-objective acquisition strategies

e Common acquisition strategies
o EHVI

® scalarization with random weights + El

® |inear weighted sum, (augmented) Chebyshev

® cntropy search

® [asy to reason about acquisition functions in terms of the underlying utility function

e (Often, acquisition function = posterior expectation of utility function

—xercise: work out what the underlying utility function is for each.
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Recap: multi-objective acquisition strategies

e Common acquisition strategies
o EFHV|I « HVI

® scalarization with random weights + El « improvement of scalarized objective
® |inear weighted sum, (augmented) Chebyshev

® cntropy search « information gain

® [asy toreason about acquisition functions in terms of the underlying utility function

e (Often, acquisition function = posterior expectation of utility function

—xercise: work out what the underlying utility function is for each.

44



Noisy variants of acquisition functions

® Real-world observations carry measurement noise.

f(X)—

® |f the surrogate models the noise, use noisy El instead of El:

al (0 = E; [f(x) — max f()l,

—f []? (x) _fbest]

X EXhaqe
0.75
0.50 1 / :“‘\\.\
2
= 0.257 - ~o
@)
D 0.00- -=-= True
‘=
g ® Observed (noisy)
—0.25 Predicted mean
—0.50 1 Predicted 1-0 uncertainty
Input

D

=

S

= 0.04

o

B

k% 0.02

-/

o

O 0.00 . | |

< _3 _9 ~1 0 1 2 3
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Noisy variants of acquisition functions

® Real-world observations carry measurement noise.
® |f the surrogate models fit the Nnoise, use noisy

= [ f(x) — max f(x )] “best observed so far’
poiNt Now uncertain

0.75 -
0.50 -

Objective

—0.50 -

S S
o o
N H>

Acquisition value
O
o
o

NEI(X) —

l .X EXhaqe

Frey —
aEI(x)

—\ instead of El:

----------

) 3

¢—~

y, [f ()C) _'fbest}

am*

0.25-
0.00 -
—0.25 1

——
” —y
-
”

-=—-= True
® Observed (noisy)
Predicted mean
Predicted 1-0 uncertainty
Input
-3 ~2 ~1 0 1 2 3
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Noisy variants of acquisition functions

® Real-world observations carry measurement noise.
® |f the surrogate models fit the noise, use noisy

Frey —
aEI(x) =

—| Instead of El:

af () = E; [f(x) — max f(x)],

e For M > 1, use noisy EHVI instead of

v = &7 [HV (f(Xbase) - {f(x)}) - EJ%EXMSG))]

Va\

f
aN

—HVI:

/
X e)(base

uncertain

—f []? (x) _fbest]

pbaseline HV now
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Batched variants of acquisition functions

® 50 far, we talked about acquiring one design per BO iteration.

® [or molecular design, the wet lab runs many molecules at a time (e.qg., 96-well plates).

e Need to select candidate sets of size g, not singletons. Combinatorial problem:

N
( ) possibilities with pool size N
q

e For gradient-based optimization, the search is over 24

gNEHVI, gNEI, qNParEGO, ...

48



Batched variants of acquisition functions

e Sequential greedy selection chooses a batch one point at a time.

“xample: QNEHV

e Choose the first element x; maximizing

-7 [HV (f(Xbase> U {f (’C)}) - (f(Xbase))]

® Append it to the pending batch, and choose the second maximizing

; [HV (FXase) U 700,01} ) = RV (f o) U ()} )]

VWilson et al. Maximizing acquisition functions for Bayesian optimization. NeurlPS (2018).
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Conclusion

® Bayesian optimization is a sample-efficient
method for multi-objective design problems.

pKd
binding)

e Acquisition function = decision-making lllll““llln-l“
engine of MOBO

~
o

(@]
o

m
(stability)

® e reviewed common acquisition

strategies. Choose based on o |||||||‘|||“||“|
® number of objectives 2 |
hl ..
)

(&)
o

e shape of Pareto front 2

” |l

@

® Nnoise level of measurements

® batch size

-BV
(specificity)

=N
o

e Multi-objective reasoning applies to many |
other frameworks, including active learning, [ S—— |

: - : . : Yield -
experimental design, policy optimization. o st € specificity

N
(&)




Practicum goals %=,

® | earn the BoTorch syntax for concepts covered in the lecture

® Be able to verify the implementation of specitic configurations for your own application
e (Gain intuition for the pros/cons of each acquisition strategy by visualizing the

acquired designs and metrics

Use of Al coding agents is strongly encouraged for visualization of data and results.
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Practicum setup Z&=

Step 1 — Install uv
o YOU , | | WOrk Wlth your aSSig ﬂed team : Pick the line for your operating system and run it in a terminal:

Please sit together and come up with a # mac0S / Linux
curl -LsSf https://astral.sh/uv/install.sh | sh
team name!
; . ' # Windows (PowerShell)
® Na\”gate to httDS//g|thUbCOm/ powershell —-ExecutionPolicy ByPass —-c "irm https://astral.sh/uv/install.psl | iex"

jiwoncpark/multi-objective-reasoning-lab

Close and reopen your terminal afterward so uv is on your PATH . Check it:

and follow the instructions in the

uv ——version

README to set up your environment.

, o , _ , Step 2 — Clone the repo
e |f you aren’t familiar with using git/

git clone https://github.com/jiwoncpark/multi-objective-reasoning-lab.git

termiﬂal OR yOU have dln |ﬂ’[e| MaC, cd multi-objective-reasoning-1lab

work with someone in your group.

Step 3 — Build the environment

uv sync

52
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Schedule & Bolorch

|. Multi-objective optimization: the basics

e Motivation: lead optimization in drug discovery Setup + Notebook 0: evaluating HV

_ f - 2:30pm
® Fareto front 5min review
e (Quality indicator
l. Bayesian optimization Notebook 1: full MOBO loop
2:35 - 3:30pm

® Surrogate modeling
e Utility function — acquisition function

+ 10miIn review

lll. Multi-objective reasoning Notebooks 2, 3: team competition
e Common multi-objective acquisition strategies | ©N Simulated antibody optimization
3:40 - 4:40pm

. | .
Batched/noisy variants + 20min results announcement
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Notebook 0 review 6 Bolorch

Y ~ [num antibodiles, num properties]
hv = metrics.compute hypervolume (Y, ref point)
plotting.plot pareto front (Y, ref point=ref point)

Hypervolume

e (O Candidates

¢ B Reference point

Dominated
region

True Pareto front
(unknown)

Objective 2

Objective 1
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Notebook 1 review

Take the pre-generated
pool of 2048 antibody
candidates

Predict properties with
surrogate model f

Select batch of size g
with noisy acquisition
function in a sequential
greedy manner

& Bolorch

Append measurement
to dataset
and refit surrogate

Evaluate the batch

56



Notebooks 2, 3: the team competition

LOCKED competition settings
BATCH SIZE = 4 (antibodies per round)

N ROUNDS = 0 (rounds)

N INITIAL = 12 (shared starting antibodiles)
budget = 24 new evaluations total

pool si1ize = 2048 candidate sequences

REF POINT = [-0.05, -0.05]

Each round uses one strategy card. You may inspect the achieved HV of a previous round
to choose the strategy for the next round.

. Only 6 oracle calls (calls to the objective function) are allowed in total! Think carefully
before running each cell of Notebook 3.

By 4:30pm, please email me the results (json file) at



